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The boundary layer flow of a micropolar fluid due to a linearly stretching sheet is studied in the limit of
a vanishing coupling parameter. Asymptotic expansions of the stream function and the micro-rotation are
sought after. The straightforward expansions involve secular terms. This singular behavior is removed by
the novel approach of replacing the coordinate, measuring distances normal to the sheet, by two strained
coordinates. This makes it possible to obtain exact (series) solutions for all levels of approximation. One
can obtain results, as accurate as one would wish, by retaining enough terms of the expansions. Suction
and injection through the sheet are included.

© 2008 Elsevier Masson SAS. All rights reserved.
1. Introduction

The theory of micropolar fluids [3] describes the flow of a class
of non-Newtonian fluids that are endowed with micro-inertia. This
allows the fluid to withstand stress and body couples. The equa-
tions governing the flow of a micropolar fluid involve a micro-
rotation field, in addition to the familiar velocity field. The two
fields are coupled through a viscosity parameter. When this pa-
rameter vanishes, the two fields are uncoupled. The velocity field
is, then, governed by the Newtonian flow equations.

When an otherwise quiescent micropolar fluid is driven by a
moving flat surface, a boundary layer develops. Such flows are
encountered in several practical applications; for examples, pro-
duction of glass and paper sheets, drawing of plastic films, and
extrusion of metals and polymers.

Self-similarity, reducing the governing partial differential equa-
tions to ordinary ones, is valid only when the surface is linearly
stretching. This case was solved numerically by Hassanien and
Gorla [6], who also included suction and injection. Hady [5] han-
dled the same problem using a method of successive approxima-
tions. The Newtonian-fluid counterpart was studied by Gupta and
Gupta [4].

The present work is concerned with the boundary layer flow of
a micropolar fluid due to a linearly stretching flat surface. The gov-
erning equations are cast into their self-similar form; and the lim-
iting behavior, as the coupling parameter vanishes, is explored. The
leading order problem – which is the Newtonian flow case – has a
closed form solution. Higher order problems, in the straightforward
expansions, result in secular terms. Two sources of secularity are
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pinpointed; one due to the velocity field, and the other due to the
micro-rotation field. In dealing with the magneto-hydrodynamic
flow due to a rotating disk, El-Mistikawy et al. [1,2] encountered
a secularity due to the velocity field and removed it by coordi-
nate straining [9]. To remove the present double secularity, the
similarity coordinate, measuring distances normal to the surface, is
strained in two different ways. This novel treatment leads to uni-
formly valid expansions, the different levels of which are expressed
as series solutions of the involved problems.

Numerical results based on the current asymptotic expansions
are obtained for different values of the flow parameters, including
cases of suction and injection. They are compared to second order
accurate finite difference results. It is found that only few terms of
the expansions are needed to give accurate results, even for values
of the coupling parameter that are close to its upper bound.

2. Governing equations

An incompressible micropolar fluid is in steady two-dimensional
motion, driven by a flat sheet that is linearly stretching away
from a fixed point O. Otherwise; the fluid would have been at
rest. Such a situation is encountered, for example, in glass sheet
industries, when molten glass is emitted from a slot and is con-
tinuously drawn to solidify in a micropolar medium. At O, we
introduce Cartesian xy-axes: the x-axis along the sheet pointing
in the stretching direction, and the y-axis normal to the sheet, as
shown in Fig. 1.

The velocity components (u, v) in the (x, y) directions, respec-
tively, and the micro-rotation σ , are governed by the following
boundary layer problem.

u,x +v,y = 0, (1)
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Fig. 1.

uu,x +vu,y = (ν + κ)u,yy +κσ,y, (2)

κ(2σ + u,y ) = γ σ ,yy , (3)

u = αx, v = −φ, σ = 0, at y = 0, (4)

u ∼ 0, σ ∼ 0, as y ∼ ∞. (5)

Note that a comma followed by a subscript denotes differentiation.
ν , κ , and γ are kinematic viscosity coefficients associated with
the rates of symmetric deformation, skew-symmetric deformation,
and gyration, respectively. α is the stretching parameter. φ is the
suction velocity through the porous surface.

The problem admits the similarity transformations

η = α1/2(ν + κ)−1/2 y, ψ = α1/2(ν + κ)1/2xF (η),

σ = α3/2(ν + κ)−1/2xH(η),

ε = κ(ν + κ)−1, β2 = 2κ(ν + κ)(αγ )−1,

Φ = α−1/2(ν + κ)−1/2φ,

where ψ is a stream function defined by u = ψ,y and v = −ψ,x . It
transforms to

F ′′′ + F F ′′ − F ′ 2 = −εH ′, (6)

H ′′ − β2 H = 1

2
β2 F ′′, (7)

F (0) = Φ, F ′(0) = 1, F ′(∞) = 0, (8)

H(0) = 0, H(∞) = 0, (9)

where a dash denotes differentiation with respect to η, the sim-
ilarity coordinate measuring distances normal to the sheet. When
ε = 0, the velocity field is uncoupled from the micro-rotation field;
so ε is a coupling parameter, that has as an upper bound the
value 1.

3. Limiting behavior

We are interested in studying the limiting behavior of the flow
as ε diminishes. The leading order problem corresponds to the
case ε = 0, for which Eqs. (6) and (8), has the solution

F0 = λ0 − λ−1
0 e−λ0η, λ0 = 1

2

(
Φ +

√
Φ2 + 4

) = F0(∞). (10)

The corresponding solution for Eqs. (7) and (9), when β �= λ0, is

H0 = χ
[
e−βη − e−λ0η

]
, χ =

1
2 λ0β

2

λ2
0 − β2

. (11)

These represent the leading order terms in the asymptotic expan-
sions for F and H as ε ∼ 0. The fact that the right-hand side of
Eq. (6) is O(ε) suggests that the expansions proceed as follows

F ∼
∑
i=0

εi F i, H ∼
∑
i=0

εi Hi, (12)

where, as a convention, a summation without upper limit may
extend to infinity. Substituting in Eqs. (6)–(9) and equating like
powers of ε, on both sides of each equation, lead to a hierarchy of
problems governing the different levels of the expansions.

For i � 1, the problem for Fi takes the form

F ′′′
i + λ0(1 − θ)F ′′

i − 2λ2
0θ F ′

i − λ3
0θ Fi = Ri, θ = λ−2

0 e−λ0η, (13)

Fi(0) = 0, F ′
i (0) = 0, F ′

i (∞) = 0 (14)

while that for Hi takes the form

H ′′
i − β2 Hi = 1

2
β2 F ′′

i , (15)

Hi(0) = 0, Hi(∞) = 0. (16)

Eq. (13) admits two successive reductions of order. Specifically, the
substitution

Fi = e−λ0η

(∫
F̄ i dη + c̄i

)
(17)

followed by the substitution

F̄ i = eλ0η(1 + θ)

(∫
F̂ i dη + ĉi

)
(18)

leads to a linear first order differential equation for F̂ i , whose so-
lution is

F̂ i =
∫
(1 + θ)eθ Ri dη + c̃i

(1 + θ)2eθ
. (19)

The integration constants c̄i , ĉi and c̃i should be determined so
that Fi satisfies conditions (14). The use of Eqs. (17)–(19) is, obvi-
ously, prohibitive; specially with Ri being determined recursively.
The alternative is to find expansions for Fi .

For i = 1, substituting

R1 = χ
(
βe−βη − λ0e−λ0η

)
, (20)

expanding in powers of e−λ0η , and carrying out the integrals in
Eqs. (19), (18) then (17), give an expression for F1 that takes the
form

F1 ∼ a1 + b101e−λ0η +
∑
k=0

b11ke−kλ0ηe−βη + b̂101ηe−λ0η. (21)

Note that the summation in expansion (21) converges, since it can
be shown that the point at infinity η is a regular singular point of
Eq. (13).

The term involving ηe−λ0η is a secular term. It causes F1 to
outgrow F0 as η ∼ ∞. Moreover, when expansion (21) for F1 is
substituted in the problem for H1 the term involving e−βη causes
H1 to develop a secular term involving ηe−βη . These secularities
are magnified in higher order problems. The problem for Fi intro-
duces a term involving ηie−λ0η , and that for Hi introduces a term
involving ηie−βη .

To remove this double secular behavior, we employ the novel
approach of straining the coordinate η in two different ways. We
introduce the coordinates

ζ = λη, ξ = μη, (22)

to handle the secularities associated with Eq. (6) for F , and Eq. (7)
for H , respectively. The straining parameters λ and μ have the
expansions

λ ∼
∑
i=0

εiλi, (23)

μ ∼
∑
i=0

εiμi, μ0 = β, (24)

where the λi ’s and μi ’s (for i = 1,2, . . .) are chosen so that the
secular terms vanish.
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Table 1
Effect of the cutoff values I and K (ε = 0.1, β = 0.2, Φ = 0)

I F ′′(0) F (∞) F ′′(0) F (∞)

K = 5 K = 10

1 −0.9995424078 0.9930469106 −0.9995421776 0.9930469312
2 −0.9995434052 0.9930130498 −0.9995431566 0.9930130721
3 −0.9995434221 0.9930126425 −0.9995431726 0.9930126648
4 −0.9995434224 0.9930126360 −0.9995431728 0.9930126583
5 −0.9995434225 0.9930126358 −0.9995431729 0.9930126581

The uniformly valid expansions for F and H can, now, be writ-
ten as follows

F ∼
∑
i=0

εi(ai + bi01e−ζ + bi10e−ξ
) +

∑
i=1

εi
i∑

j=1

∑
k=1

bijke− jξ e−kζ ,

(25)

H ∼
∑
i=0

εi(cie
−ζ + di10e−ξ

) +
∑
i=1

εi
i∑

j=1

∑
k=1

dijke− jξ e−kζ . (26)

We substitute these expressions in Eqs. (6)–(9), then equate
the coefficients of εie− jξ e−kζ for all possible combinations of i,
j, and k. This leads to relations that can be used to determine the
λi ’s, μi ’s, ai ’s, bijk ’s, ci ’s, and dijk ’s, recursively.

For i = 0, we get,

a0 = λ0, b001 = −λ−1
0 , b010 = 0, c0 = −χ, d010 = χ

so that we recover expressions (10) and (11) for F0 and H0. For
i � 1, the recurrence relations are given in Appendix A.

4. Sample results and assessment

Of the three parameters ε, β , and Φ , involved in Eqs. (6)–(9),
the coefficients appearing in the expansions for the stream func-
tion F , the micro-rotation H , and the straining parameters λ and
μ depend on β and Φ , only. For prescribed β and Φ , these coef-
ficients can be determined using the recurrence relations given in
Appendix A. They can, then, be combined with any small value of
ε to give a full description of the flow field.

Two quantities of particular importance are F ′′(0) representing
the shear stress at the surface, and F (∞) representing the inflow
toward the boundary layer that is needed to compensate for the
Table 3
Effect of β (ε = 0.1, Φ = 0)

β F ′′(0) F (∞) F ′′(0) F (∞)

Asymptotic Numerical

0.2 −0.9995434221 0.9930126425 −0.9995431796 0.9930126330
0.4 −0.9986102203 0.9893556424 −0.9986095633 0.9893555991
0.6 −0.9975333891 0.9871332468 −0.9975318636 0.9871332066
0.8 −0.9964537113 0.9856265677 −0.9964428365 0.9856272306
1.0 – – −0.9953967274 0.9845232857
2.0 −0.9911562316 0.9814894147 −0.9911561519 0.9814871241
4.0 −0.9862331980 0.9790468647 −0.9862335527 0.9790465681
6.0 −0.9835601943 0.9779198339 −0.9835607175 0.9779195460
8.0 −0.9818909866 0.9772599580 −0.9818916031 0.9772596766
10.0 −0.9807503239 0.9768248764 −0.9807510021 0.9768245995

flow driven by the stretching sheet. These two quantities will be
the focus of the numerical values presented below.

Cutoff values I and K for the counters i and k, respectively,
have to be specified in such a way that does not affect the accu-
racy. Table 1 presents F ′′(0) and F (∞) in the typical case (ε = 0.1,
β = 0.2, Φ = 0) at several values of I and K . It is concluded that
the values I = 3 and K = 5 are quite satisfactory. They are used for
all following calculations.

The coefficients for the case (β = 0.2, Φ = 0) are given in Ta-
ble 2. It is noted that they are well-behaved; decreasing in absolute
value as the counters i and k increase. This indicates convergence
of the summations on both counters.

The obtained asymptotic expansions break down when β ap-
proaches its critical value βc = λ0. Well-behaved coefficients are
obtained only when β is away from βc . Table 3 gives F ′′(0) and
F (∞), for several values of β , when Φ = 0 (for which λ0 = 1) and
ε = 0.1. The underscored values of β behave well with k, but show
growth in the coefficients as the asymptotic index i increases. This
only means that we may need to use small values of ε, for few
terms of the asymptotic expansions to give accurate results.

The asymptotic expansions favor suction cases (Φ > 0) to in-
jection cases (Φ < 0). As Φ increases λ0 increases, extending the
subcritical range of well-behaved β < βc . In Table 4, some cases of
suction and injection are presented, when ε = 0.1 and β = 0.2.

Included, in Tables 3 and 4, are second order accurate fi-
nite difference results that are obtained using Keller’s two-point
method [7], with the far field conditions enforced at a finite value
η = η∞ . The value η∞ = 100 and a uniform step size �η = 0.01
are used throughout. The solution is obtained iteratively, and con-
Table 2
Coefficients of the typical case (β = 0.2, Φ = 0)

(a)

i λi μi ai bi01 ci bi10 di10

0 1.0 0.2 1.0 −1.0 −0.20833E−1 0.0 0.20833E−1
1 −0.90364E−1 0.12500E−1 0.69531E−1 −0.22680 0.45681E−2 −0.13021 0.13465E−2
2 −0.54255E−2 0.16724E−2 0.33861E−2 0.47817E−1 −0.99248E−3 −0.13629E−1 0.23440E−3
3 −0.73659E−3 0.29057E−3 0.40739E−3 −0.31873E−2 0.59262E−4 −0.25797E−2 0.50700E−4

(b)

k b11k d11k b21k d21k b22k d22k

1 0.289352 −0.595238E−2 −0.849436E−1 0.172534E−2 0.480562E−1 −0.981146E−3
2 −0.199278E−2 0.401878E−4 0.334429E−3 −0.669310E−5 −0.108220E−2 0.217954E−4
3 0.127379E−3 −0.255758E−5 −0.356264E−4 0.713702E−6 0.102617E−3 −0.205947E−5
4 −0.109219E−4 0.218933E−6 0.444981E−5 −0.891157E−7 −0.115651E−4 0.231780E−6
5 0.984782E−6 −0.197248E−7 −0.531530E−6 0.106414E−7 0.129064E−5 −0.258482E−7

(c)

k b31k d31k b32k d32k b33k d33k

1 0.152305E−1 −0.310129E−3 −0.155280E−1 0.315122E−3 0.586623E−2 −0.119187E−3
2 −0.158929E−3 0.320520E−5 0.235965E−3 −0.473251E−5 −0.309732E−3 0.623151E−5
3 0.178831E−4 −0.358900E−6 −0.342561E−4 0.686465E−6 0.427928E−4 −0.858505E−6
4 −0.237423E−5 0.475740E−7 0.539421E−5 −0.108034E−6 −0.629428E−5 0.126124E−6
5 0.307636E−6 −0.616009E−8 −0.777519E−6 0.155661E−7 0.865700E−6 −0.173361E−7
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Table 4
Effect of Φ (ε = 0.1, β = 0.2)

Φ F ′′(0) F (∞) F ′′(0) F (∞)

Asymptotic Numerical

1.0 −1.617807376 1.614837567 −1.617807388 1.614837556
0.5 −1.280439102 1.276027816 −1.280439101 1.276027799
0.0 −0.999543422 0.993012643 −0.999543180 0.993012633
−0.5 −0.780244723 0.770939861 −0.780239589 0.770940331
−1.0 −0.617577764 0.605124728 −0.617488704 0.605136212

Table 5
Effect of ε

a: (β = 0.2, Φ = 0)

ε F ′′(0) F (∞) F ′′(0) F (∞)

Asymptotic Numerical

0.1 −0.9995434221 0.9930126425 −0.9995431796 0.9930126330
0.3 −0.9986366565 0.9788249852 −0.9986358164 0.9788244322
0.5 −0.9977390874 0.9643371093 −0.9977375636 0.9643326822
0.7 −0.9968515261 0.9495294600 −0.9968494255 0.9495117102
0.9 −0.9959747840 0.9343824825 −0.9959725656 0.9343317733

b: (β = 0.8, Φ = 0)

ε F ′′(0) F (∞) F ′′(0) F (∞)

Asymptotic Numerical

0.1 −0.9964537113 0.9856265677 −0.9964428365 0.9856272306
0.3 −0.9895583704 0.9559439842 −0.9893284405 0.9559522823
0.5 −0.9832370860 0.9248541576 −0.9822252893 0.9248509827
0.7 −0.9778631473 0.8921655461 −0.9751520320 0.8920244869
0.9 −0.9738098436 0.8576866083 −0.9681362630 0.8570403811

Table 6
Effect of η∞ on numerical results (ε = 0.1, β = 0.2, Φ = 0.0)

η∞ F ′′(0) F (∞)

10 −0.9995383038 0.9960657285
20 −0.9995403630 0.9936768025
40 −0.9995431267 0.9930303013
80 −0.9995431796 0.9930126421

100 −0.9995431796 0.9930126330
∞a −0.9995434221 0.9930126425

a Asymptotic values.

vergence is considered reached when the absolute value of the
error in F ′′(0), in two successive iterations, does not exceed 10−10.
Agreement of the numerical and the asymptotic solutions is no-
ticeable.

The asymptotic expansions proved accurate throughout the do-
main (0,1) of the coupling parameter ε. This is demonstrated in
Table 5a, which compares the asymptotic and the numerical results
for different values of ε in the case (β = 0.2, Φ = 0). Table 5b
presents corresponding results in the case (β = 0.8, Φ = 0), in
which β is close to its critical value βc = 1. Reasonable accuracy
is still observed.

The obtained asymptotic expansions are useful in numerous
ways. They can be used to calculate the flow variables at specific
points. They can be manipulated to give quantities of practical im-
portance, with controlled accuracy. Their accurate results can be
used to judge other numerical and approximate solution methods.
To make use of this last point, the effect of the value of η∞ , at
which to enforce the far field conditions, has been investigated.
(Use of a small value of η∞ is a common error in boundary layer
calculations, as noted by Pantokratoras [8].) Different values of η∞
have been used, as recorded in Table 6. Considerable improvement
in the numerical results is observed as η∞ is increased. The value
η∞ = 100 mentioned earlier has been found satisfactory.
Appendix A

In this appendix, we give the relations that can be used, se-
quentially, to determine the λi ’s, μi ’s, ai ’s, bijk ’s, ci ’s, and dijk ’s,
which appear in expansions (23)–(26), when i > 0. For concise-
ness, we define

ν jk = jμ + kλ ∼
∑
i=0

εiνi jk, νi jk = jμi + kλi

and, with ω standing for λ, μ, or ν , we write

ω2 ∼
∑
i=0

εiω2
i , ω2

i =
i∑

s=0

ωi−sωs,

ω3 ∼
∑
i=0

εiω3
i , ω3

i =
i∑

s=0

s∑
r=0

ωi−sωs−rωr .

The following relations are to be used to determine the under-
lined coefficients.
For i = 1, we have

(
μ3

0 − λ0μ
2
0

)
b110 = −μ0d010,(

ν3
01k − λ0ν

2
01k

)
b11k = −λ−1

0

(
ν2

01k−1 + λ2
0 − 2ν01k−1λ0

)
b11k−1,

k � 1,(
ν2

01k − β2)d11k = ν2
01kb11k, k � 1,(

1 + λ2
0

)
b101 = c0 −

∑
k=0

(1 + λ0ν01k)b11k,

a1 = −b101 −
∑
k=0

b11k,

λ1 = c0 + a1,(
λ2

0 − β2)c1 = −1

2
β2(λ−1

0 λ2
1 − λ2

0b101
) − λ2

1c0,

d110 = −c1 −
∑
k=1

d11k,

2μ0d010μ1 = 1

2
β2μ2

0b110.

For i � 2, with n ∧ q = max(n,q) and n ∨ q = min(n,q), we have

(
μ3

0 − λ0μ
2
0

)
bi10

= −μi−1d010 −
i−1∑

m=1

[
μi−1−mdm10 + (

μ3
i−m − λ0μ

2
i−m

)
bm10

−
m∑

s=1

μ2
m−sbs10ai−m

]
,

(
ν3

011 − λ0ν
2
011

)
bi11

= −λ−1
0

(
μ2

0 + λ2
0 − 2μ0λ0

)
bi10 −

i−1∑
m=1

[(
ν3

i−m11 − λ0ν
2
i−m11

)
bm11

+ λ−1
0

(
μ2

i−m + λ2
i−m − 2μi−mλ0

)
bm10 + νi−1−m11dm11

+
m∑

s=1

{
2

i−m∑
r=1

μm−sλi−m−rbs10br01 − λ2
m−sbs01bi−m10

− μ2
m−sbs10bi−m01 − ν2

m−s11ai−mbs11 − 2λ−1
0 λi−mμm−sbs10

}]
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(
ν3

01k − λ0ν
2
01k

)
bi1k

= −λ−1
0

(
ν2

01k−1 + λ2
0 − 2ν01k−1λ0

)
bi1k−1

−
i−1∑

m=1

[(
ν3

i−m1k − λ0ν
2
i−m1k

)
bm1k

+ λ−1
0

(
ν2

i−m1k−1 + λ2
i−m − 2νi−m1k−1λ0

)
bm1k−1

+ νi−1−m1kdm1k +
m∑

s=1

{
2

i−m∑
r=1

νm−s1k−1λi−m−rbs1k−1br01

− ν2
m−s1k−1bs1k−1bi−m01 − ν2

m−s1kai−mbs1k

− 2λ−1
0 λi−mνm−s1k−1bs1k−1 −

i−m∑
s=1

λ2
i−m−sbs01bm1k−1

}]
,

k � 2,

(
ν3

0 j1 − λ0ν
2
0 j1

)
bij1

= (
μ2

0 + ν2
0 j−11 − 2μ0ν0 j−11

)
b j−1 j−11bi− j+110

−
i−1∑

m= j

[(
ν3

i−mj1 − λ0ν
2
i−mj1

)
bmj1

− (
μ2

i−m + ν2
i−mj−11 − 2μi−mν j−110

)
bm− j+110b j−1 j−11

+ νi−1−mj1dmj1 +
m∑

s= j

{
2

i−m∑
r=1

νm−sj−11μi−m−rbr10bsj−11

− ν2
m−sj−11bsj−11bi−m10 − ν2

m−sj1ai−mbsj1

}

+
i−m∑
s=1

(
2μi−m−sνm− j+1 j−11b j−1 j−11 − μ2

i−m−sbmj−11
)
bs10

]
,

2 � j � i − 1,

(
ν3

0 jk − λ0ν
2
0 jk

)
bijk

= (
ν2

0 j−1k + μ2
0 − 2ν0 j−1kμ0

)
b j−1 j−1kbi− j+110

− λ−1
0

(
ν2

0 jk−1 + λ2
0 − 2ν0 jk−1λ0

)
bijk−1

−
i−1∑

m= j

[(
ν3

i−mjk − λ0ν
2
i−mjk

)
bmjk

+ λ−1
0

(
ν2

i−mjk−1 + λ2
i−m − 2νi−mjk−1λ0

)
bmjk−1 + νi−1−mjkdmjk

− (
ν2

i−mj−1k + μ2
i−m − 2ν0 j−1kμi−m

)
bm− j+110b j−1 j−1k

−
i−m∑
s=1

λ2
i−m−sbs01bmjk−1

−
m∑

s= j

{
ν2

m−sjkai−mbsjk + ν2
m−sjk−1bi−m01bsjk−1

+ ν2
m−sj−1kbi−m10bsj−1k + 2λ−1

0 λi−mνm−sjk−1bsjk−1

− 2
i−m∑
r=1

(λi−m−rνm−sjk−1br01bsjk−1

+ μi−m−rνm−sj−1kbr10bsj−1k)

}

−
i−m∑(

μ2
i−m−sbmj−1k + 2μi−m−sνm− j+1 j−1kb j−1 j−1k

)
bs10

]

s=1
+
i−1∑

m=1

i−m∨ j−1∑
p=1∧ j−m

i−m∑
s=p

k−1∑
t=1

(
ν2

i−m−sptbmj−pk−t − νi−m−spt

×
m∑

r= j−p

νm−r j−pk−tbr j−pk−t

)
bspt , 2 � j � i − 1,k � 2,

(
ν3

0i1 − λ0ν
2
0i1

)
bii1 = (

ν2
0i−11 + μ2

0 − 2ν0i−11μ0
)
b110bi−1i−11,(

ν3
0ik − λ0ν

2
0ik

)
biik

= (
ν2

0i−1k + μ2
0 − 2ν0i−1kμ0

)
b110bi−1i−1k

− (
ν2

0ik−1λ
−1
0 + λ0 − 2ν0ik−1

)
biik−1

+
i−1∑

m=1

i−m∨ j−1∑
p=1∧ j−m

i−m∑
s=p

k−1∑
t=1

(
ν2

i−m−sptbmj−pk−t − νi−m−spt

×
m∑

r= j−p

νm−r j−pk−tbr j−pk−t

)
bspt , k � 2,

(
ν2

0 jk − β2)dijk = 1

2
β2

i∑
m= j

ν2
i−mjkbmjk −

i−1∑
m= j

ν2
i−mjkdmjk,

1 � j � i,k � 1,(
ν2

0ik − β2)diik = 1

2
β2ν2

0ikbiik, k � 1,

τ1 = −bi10 −
i∑

j=1

∑
k=1

bijk,

τ2 =
[

i−1∑
m=1

{
λ−1

0

(
λ2

i−mam −
m∑

s=0

λi−mλm−sλs

)
−

m∑
s=1

λ2
m−sbs01ai−m

}

+
i−1∑

m=0

λi−1−mcm

]/
λ0,

(
1 + λ2

0

)
bi01 = τ1 + τ2 −

[
μ0bi10 +

i−1∑
m=1

(λi−mbm01 + μi−mbm10)

+
i∑

j=1

i∑
m= j

∑
k=1

νi−mjkbmjk

]
λ0,

ai = τ1 − bi01,

λi = τ2 + ai,

(
λ2

0 − β2)ci = 1

2
β2

(
i∑

m=1

λ2
i−mbm01 − λ−1

0 λ2
i

)
−

i−1∑
m=0

λ2
i−mcm,

di10 = −ci −
i∑

j=1

∑
k=1

dijk,

2μ0d010μi = 1

2
β2

i∑
m=1

μ2
i−mbm10 −

i−1∑
m=1

(μ2
i−mdm10 + μi−mμmd010).
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